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Abstract

The temperature field in a heated turbulent flow is considered as a dynamically passive scalar. The probability density function
(PDF) method with down to the wall integration is explored and new modelling proposals are put forward, including the explicit
account for the molecular transport terms. Two variants of the approach are considered: first, the scalar PDF method with the use of
externally-provided turbulence statistics; and second, the joint (stand-alone) velocity—scalar PDF method where a near-wall model
for dynamical variables is coupled with a model for temperature. The closure proposals are formulated in the Lagrangian setting
and resulting stochastic evolution equations are solved with a Monte Carlo method. The near-wall region of a heated channel flow is
taken as a validation case; the second-order thermal statistics are of a particular interest. The PDF computation results agree
reasonably with available DNS data. The sensitivity of results to the molecular Prandtl number and to the thermal wall boundary

condition is accounted for.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction

Turbulent heat transfer in wall-bounded flows is a
topic of considerable scientific and practical interest.
The issue remains open due to the engineering relevance
of heat transfer problems and the inherent difficulties in
physically sound turbulence modelling. A detailed pic-
ture includes a complex evolution of near-wall vortical
flow structures and the unsteady heat conduction in the
wall material. At the level of statistical averages, the
temperature variance, the turbulent heat flux, and
the near-wall temperature spectra are of direct engi-
neering interest. In particular, a motivation to undertake
the present work originated from some industrial situ-
ations related to the conjugate heat transfer problems
where both thermomechanics of fluids and thermal
stresses in solids come into play in a coupled way. In
those situations, fairly detailed estimation of turbulence
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and thermal statistics in the near-wall region is desirable
for optimal design purposes and avoiding thermal fati-
gue of wall material.

Numerical approach to near-wall turbulent flows
with heat transfer is mostly undertaken in the Eulerian
description. The statistical approach with the Reynolds-
averaged Navier—Stokes (RANS) equations remains a
standard engineering tool providing at least some of the
desired thermal statistics, despite notorious difficulties
related to near-wall treatment (cf. reviews of Launder,
1988 and Nagano, 2002). On the other hand, there is a
growing interest in DNS and LES studies; they are still
computationally expensive yet otherwise irreplaceable in
discovering the detailed flow physics, and provide
valuable reference data for the assessment and
improvements of statistical models. The DNS is ex-
tremely useful for theoretical studies, yet impracticable
for engineering problems. The LES is a very promising
approach in the latter respect, yet still somewhat prob-
lematic in the near-wall modelling context (Piomelli and
Balaras, 2002). We note that hybrid LES approaches
with statistical models applied in the near-wall region
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have been put forward recently (Hamba, 2002; Dahl-
strom and Davidson, 2003).

Although the aim of providing detailed turbulence
and thermal statistics in the near-wall region could a
priori be achieved using DNS or (with some reserves)
LES, a realistic aim for routine analysis and design
purposes is rather to get some limited information at a
lower cost, using the statistical description. To pursue
this goal, the approach followed in the present work is
the probability density function (PDF) method (cf.
Pope, 2000). As an alternative statistical approach, the
one-point PDF method is able to give more detailed
information on the flow and thermal fields than the
RANS, yet at a lower computational effort than the
LES.

Two variants of the approach are considered sepa-
rately in the paper. First, the computed scalar PDF
method for the temperature where the velocity statistics
have to be externally provided. Usually, it is done by an
Eulerian solver coupled to the PDF computation; here,
we have taken the Eulerian velocity statistics from the
available DNS data. The computations with the scalar
PDF approach using a simplified near-wall scalar model
have been reported recently (Pozorski et al., 2003b); the
model is further developed here (Section 3). As a second
variant, the joint velocity—scalar PDF approach is con-
sidered. It can provide one-point turbulence statistics of
any order, including mixed temperature—velocity mo-
ments, as well as Lagrangian autocorrelation functions.
In the stand-alone approach, no coupling to the Eule-
rian flow solver is necessary; an evolution equation for
the one-point joint PDF of velocity, dissipation rate,
and temperature is formulated. It is closed and solved in
the Lagrangian setting, with the use of stochastic par-
ticles (notional fluid elements). We report some further
developments in the joint velocity—scalar PDF method
(Section 4) as a follow up of our recent studies. To
model the wall-bounded turbulent flows with the stand-
alone velocity PDF method, the authors used both the
wall-function approach (Minier and Pozorski, 1999) and
the integration of the conservation equations through
the viscous sublayer down to the wall (Wactawczyk
et al., 2004). For flows with the temperature field, the
joint PDF of velocity and temperature is introduced.
The joint velocity—scalar PDF method has been devel-
oped with the so-called law of the wall, bridging through
the viscous sublayer (Pozorski et al., 2003a). Yet, the
results obtained in the wall function approach are not
fully satisfactory for lower Reynolds numbers. More-
over, if detailed near-wall thermal statistics are needed,
the down to the wall integration of flow equations has to
be performed (and this remains quite expensive in terms
of computational work), rather than using the wall
function approach. Despite first efforts in this direction
(Mazumder and Modest, 1997), such models have not
been well studied so far.

The first aim of the paper is to report new develop-
ments regarding the near-wall temperature modelling in
both variants of the PDF method considered here. The
second aim is to compare and validate them in the case
of the fully-developed channel flow with constant heat
flux. Another aim is to discuss the sensitivity of near-
wall thermal fluctuations to the boundary conditions
(isothermal or isoflux) and the molecular Prandtl num-
ber. The results for thermal statistics will be compared
with the available DNS reference data.

2. Mean equations

The energy equation to be considered in the paper is
formulated with suitable simplifying assumptions of no
internal heat sources (negligible temperature rise due to
the dissipation of kinetic energy of the flow) and con-
stant fluid properties (the density p, the kinematic vis-
cosity v, and the molecular thermal diffusivity ). It is
written in the form of the advection—diffusion equation
for the instantaneous temperature:

aT%_ oT o’T 1)
- i—— = .

Moreover, with constant fluid properties and resulting
negligible buoyancy effect, the momentum equation is
decoupled from the energy equation and the tempera-
ture can be considered as a passive scalar variable.

The starting point of the statistical description of
turbulent flows is the Reynolds decomposition of rele-
vant variables; for velocity and temperature we write
U; = (U;) + u;, and T = (T) + 0, respectively. The mean
of Eq. (1) takes the form
Ty ow6) T)
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At the lowest closure level, effective (turbulent)
transport coefficients v; and o are introduced in the
standard way from the Boussinesq assumption:

(uiwj) = —V1<¥+%> +§k5,j,
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where k = (wu;)/2 is the turbulent kinetic energy. The
molecular and turbulent Prandtl number are respec-
tively defined as

Pr=2 pr=-t (4)
o o
Hence, at the lowest closure level, Eq. (2) is written as
o(T) oT) 0 v \ (T
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In a known mean velocity field, Eq. (5) can be solved
for given Pr; and v;. The former is often assumed Pry = 1
from the so-called Reynolds analogy. The latter can be
determined either from algebraic mixing-length type
formulae or from eddy viscosity models. In the paper
(the scalar PDF part), instead of the standard expression
vi = C,.fuk* /e we apply a proposal of Durbin (1991), (cf.
Pope, 2000) for v, in the near-wall layer, confirmed by
the DNS:

2
w=c 0k (6)

€

where C; =0.22. To lend support to this formula we
note that the near-wall transport is mainly due to the
wall-normal velocity fluctuations; because of the kine-
matic wall-blocking effect, (v?) is damped more than the
other diagonal components of the turbulent stress ten-
sor.

The exact equation for the fluctuating temperature
variance (02> reads (cf. Nagano, 2002):

o) ) )
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(7)
The first and second RHS terms of Eq. (7) represent the
molecular and turbulent diffusion; 2y and ¢, respectively

stand for the production and destruction rate of
kg = (07)/2:
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3. Near-wall scalar PDF approach
3.1. Scalar PDF transport equation

Arguably, the near-wall thermal statistics can be
studied first with the scalar PDF approach, and some
valuable insight can hopefully be gained this way. The
disadvantage of this formulation is that the gradient
diffusion hypothesis for turbulent transport is used, yet
the computational cost is considerably reduced. The
scalar PDF methods were historically developed first,
and used in coupling with Eulerian flow solvers, mainly
for turbulent combustion problems (Dopazo, 1994;
Jones, 2002). Following the preliminary studies pre-
sented in Pozorski et al. (2003b), the near-wall scalar
PDF approach is further developed in the present paper.
The necessary external input to the model, i.c. moments
of the velocity field, will be taken from available DNS
data of the heated turbulent channel flow.

The one-point PDF of a scalar variable (here: tem-
perature) in turbulent flow is introduced as f = frx
(0,x,1); the sampling space variables x and @ respec-

tively correspond to the location X and the instanta-
neous temperature 7 that are random variables or, more
precisely, stochastic processes when their time evolution
is followed. Provided that moments of the velocity field
are given, the exact transport equation for f is readily
derived from the instantaneous temperature equation
(Eq. (1)), using standard methods [cf. Pope (2000), Eq.
(12.327)] and further rearranged as follows (symbol (|-
denotes the conditional average)
of  of(U 0
a_{JF%kOJFa—MWHT = 0)f]
*f o? oT oT
Kuaxk Oy = @>f]’ ®)

- Ox; 0y 002
to separate the molecular diffusion term in the physical
space, i.e. the first RHS term that is exact and requires
no closure. To close the last LHS term of (9), the gra-
dient hypothesis for turbulent transport is applied
(Pope, 2000):

(ue|T = O)f = —a,0f /Oxy. (10)

The last RHS term of (9) presents a major difficulty
for modelling. It is further decomposed as

0? oT oT
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(11)

The second expression on the RHS of (11) is closed with
a scalar mixing model. Although many such models
have been proposed to date, none of them is fully sat-
isfactory (cf. Dopazo, 1994 or Jones, 2002). In a previ-
ous paper (Pozorski et al., 2003b), the scalar mixing
model accounted for the whole sink term, i.e. the LHS of
Eq. (11). This is tantamount to neglecting the near-wall
molecular transport effects. Here, a modification con-
sists in applying a scalar mixing model in the usual way
(to the fluctuating part only), and a proposal for the
mean temperature part is put forward. Let us introduce
first some useful quantities. The RHS of (11) includes
the mean scalar dissipation, denoted by €)'

w_ (1) 8{T)
0 axk 6xk ’
and the dissipation rate of temperature fluctuations ¢,
cf. Eq. (8); it will further be assumed that the scalar
dissipation ¢, is independent of temperature. The LHS

of (11) includes the complete (mean and turbulent)
scalar dissipation rate €§:

eg:a<a—Ta—T>:egd+eo. (13)

6xk 6xk

(12)

Consequently, with the use of Egs. (10)-(12), Eq. (9)
takes the form
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It is interesting to estimate the level of €)! and ¢y at
the wall (y — 0). The mean temperature in the fully
developed channel flow changes as |(T) — Ty|/6. =
Pr u,y/v near the wall. After a suitable normalisation by
the friction temperature 0,, the friction velocity u,, and
the viscous length scale §, = v/u,, this yields the non-
dimensional mean dissipation (e}!)™ = Pr in the near-
wall region. On the other hand, the DNS data of
Kawamura et al. (1998) at Re, = 180 (based on u, and
the channel half-width) and Pr =1 for the turbulent
dissipation of thermal fluctuations yield the wall maxi-
mum of ¢ ~ 0.15. Thus, the mean dissipation is dom-
inant in the conductive viscous sublayer. In Eq. (14),
two physically distinct facets of the molecular diffusivity
coeflicient o are evidenced: in the first RHS term it enters
the sink term of the thermal fluctuation variance at the
high-wavenumber end of the temperature spectrum,
while in the remaining RHS terms « also enters the
diffusion and mean dissipation terms (important in the
near-wall layer but otherwise negligible for high-Re re-
gions). In the majority of turbulent combustion prob-
lems, the near-wall regions are less important in
modelling, since the reaction mostly occurs in the core of
the flow. For this reason, when proposing turbulent
mixing models, attention has been focused on the first
RHS term of Eq. (14) while the remaining molecular
terms have usually been neglected.

3.2. Scalar mixing model

Modelling of the temperature as a scalar variable
involves a difficulty due to the mixing term that remains
unclosed in one-point approaches. Arguably the sim-
plest closure, used in the paper, is the IEM (interaction
by exchange with the mean) model of the relaxation type
(Dopazo, 1994):
of 0|1 -
L= — | — (@ —(T))f| = dT = - —
Y =35 @~ (]

(15)

with the scalar mixing time scale related to the turbulent
scale:

2 k
Tp = C¢ 67 (16)
where C4 = 2 is the model constant.

As argued previously, the molecular transport and
dissipation terms can not be neglected in the near-wall
region. The mean dissipation €}! that becomes dominant
in the viscous sublayer can be accounted for in a way

analogous to that proposed for the mean dissipation
term in the momentum equation (Wactawczyk et al.,
2004). Namely, the last RHS term in (14) represents the
antidiffusion in the phase space of scalar variable.
Physically speaking, this term is non-local and has a
similar character as the first RHS term, i.e. the turbulent
scalar mixing term. Hence, the modelling difficulty is of
the same origin: there is no exact particle representation
of the antidiffusion term —0%f/0@? in the one-point
PDF method; we recall that the second RHS term, i.e.
the diffusion term d?f/dx? can be represented exactly
through the Wiener process. The first RHS term of Eq.
(14), i.e. the scalar turbulent mixing can be modelled
through the Lagrangian equation with the IEM (cf. Eq.
(15)). Our new proposal consists in modelling the last
RHS term of Eq. (14), i.c. the mean scalar dissipation
term, by a relaxation towards the local mean tempera-
ture, analogously to the IEM mixing model
o 1

—egﬂa—@fzé—a(T—<T>)dt (17)
with the value of 17y (a time scale) determined below.
Finally, the evolution equation for the PDF, Eq. (14),
closed with expressions (15) and (17) becomes:
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This equation after suitable integration yields the
mean temperature balance (5) and a certain temperature
variance equation:

0, - & o)
+2(a+ al)% %}?
1 1 )
—2<a+a)<()>. (19)

The exact evolution equation for (%), Eq. (7), contains
only the dissipation ¢, connected with the turbulent
fluctuations (and not e)!). Consequently, Ty is deter-
mined from the requirement

1 oT) o(T

™ axk axk ’

(20)

to assure that the molecular transport term in the scalar
variance Eq. (19) is correct. Finally, for the variance we
have:

A+ B0 = Lt ) S0 425, S S
RN 1)
¢
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the RHS terms model the diffusion, production and
destruction, respectively (cf. the exact formula (7)).

3.3. Near-wall modelling: estimation of external param-
eters

We recall here that the turbulent thermal diffusivity
is estimated from oy = v/Pr. Given the expression for
the turbulent viscosity v, Eq. (6), the statement of the
turbulent Prandtl number is necessary. Kays (1994)
offers a comprehensive survey of the available data on
Pry. Traditional approach to this problem goes through
the assumption about the similarity of dynamical and
thermal near-wall fields, generally valid for the molec-
ular Prandtl number close to 1 and for similar
boundary conditions for the two fields. Consequently,
for the computations with isothermal wall b.c. we will
take Pr¢ = 1. Nevertheless, a modification is necessary
for the isoflux b.c. with non-zero temperature variance
at the wall; these conditions are qualitatively different
from those for velocity. The correct near-wall scaling
for turbulent thermal diffusivity is o = ©()?), resulting
from (v0) = o (0(T)/dy) for v = 0O(?) and 0= 0O(1).
Hence for the isoflux b.c. the result is P = O(y) near
the wall, supported by the DNS of the boundary layer
(Kong et al., 2000). Also, identical scaling follows from
the unsteady structural model of Kasagi et al. (1989)
and from the theoretical expression for Pry=
Pr(Pr,y,K) derived by Geshev (1978) for the conjugate
heat transfer (for finite values of the thermal activity
ratio K) under certain assumptions (including those
for the form of the two-point velocity correlations in
the near-wall region). Consequently, for the computa-
tions with isoflux wall b.c. we will use a tentative for-
mula

o) =1-ew (- 1g). (22)

corresponding roughly to the profile reported by the
DNS of Lu and Hetsroni (1995) at Re, = 184 and
Pr =0.7. Regarding the dependence of Pr; on Pr, several
DNS studies for channel flow with isothermal b.c. pre-
dict a rather weak increase of Pry with decreasing Pr, the
trend being more pronounced for Pr < 0.1 (Kim and
Moin, 1989; Kawamura et al., 1999). We note that the
analytical expression of Geshev (1978) predicts just the
contrary (increase of Pr, with increasing Pr), thereby
calling into question some of the assumptions behind his
reasoning.

Concerning the scalar mixing time scale 74, the high-
Re turbulent time scale k/e used in Eq. (16) is modified
in the near-wall region to account for the Kolmogorov
microscale, following the proposal of Durbin (1993).
Consequently, for the isothermal wall b.c., Eq. (16) is
replaced by

2 k vy 172

r¢:C—¢max{g,CT(g) }, (23)

The underlying assumption behind Eq. (23) is the
similarity of velocity and temperature fields; it basically
implies the proportionality of dynamical and thermal
time scales. This assumption is probably justified only
for Pr not too far from unity. What is of utmost
importance for us here, is that this assumption is ques-
tionable for boundary conditions of differing nature (as
in the case of the isoflux no-slip wall) where the velocity
and temperature fields in the near-wall region definitely
differ. As already noticed from the comparison of the
exact equation for the temperature variance (Eq. (7)),
with its modelled counterpart (Eq. (21)), the destruction
rate of temperature fluctuations is represented as
g = (0%) /14 where 74 is definitely the scalar time scale
and the assumption of its proportionality to the turbu-
lent time scale /e (Eq. (16)), breaks down in the near-
wall region of the heated flow with the isoflux boundary
conditions. Let us introduce the ratio of scalar to tur-
bulent time scales

(0%)/2€

R= ke (24)

It is readily noticed that due to (0%), # 0 the ratio R
tends to infinity at the wall. In other words, from the
near-wall Taylor series expansion we have 1/R = (0(?).
A possibility that comes to mind is to link the near-wall
behaviour of R to that of Pr, i.e.

1

for y — 0. On the other hand, the limit to be respected
far from the wall is R =1/Cy. Consequently, in the
computations with the isoflux b.c. we have taken
14 = (2/Cy)Pr %k /e; with this prescription, the scalar
mixing time scale is no longer proportional to the tur-
bulent time scale in the near-wall region, and a non-zero
value of 74 results in the wall limit.

For Pr that are not close to unity, a more general
formulation is needed that would account for various
regimes and scales in turbulent flows with scalars. All
this said, we have yet to state that the goal of finding a
possibly simple, but physically sound, analytical
expression that would describe the dependence of both
Pr¢ and R on the molecular Prandtl number seems to be
an elusive one.

3.4. Boundary conditions

Suitable boundary conditions supplement the closed
PDF transport equation. We state them both in terms of
the density function f(©,x,¢) and in terms of the vari-
ables (7, X) associated with stochastic particles, due to
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the equivalence of the Fokker—Planck equation and the
corresponding stochastic differential equation (cf. Sec-
tion 3.5 below).

First, natural boundary conditions for the un-
bounded scalar variable in the ®-space are f (O = to0,
X, t) = 0; yet, finite limits are usually set up by the wall
temperature extremes. Possible b.c. in physical space
include the wall boundary condition at x = Xy:

f‘(@,X:XW,t) :f;)v(@aXW7t)a (26)

where f,, denotes the PDF (in general: unsteady) of the
wall temperature. For the isothermal wall f,,(0,x,,,¢) =
0(0 — Ty(Xw,t)). For the isoflux boundary (prescribed
wall heat flux), the statement of the wall boundary
condition is less clear. The symmetry condition
g_i(@vy =0,1) =0, (27)
looks adequate in a particular case of the adiabatic wall.
In general, i.e. for non-zero wall heat flux implying non-
zero mean temperature gradient at the wall, the sym-
metry condition should rather be put in terms of the
PDF of the fluctuating temperature, denoted by
2(0,x,1):

0g

—=(0,y=0,t) =0. 28

6y( 2y =0,1) (28)
For the conjugate heat transfer, the wall level of thermal
fluctuations cannot be given in advance. It results from a
coupled problem where the temperature field inside the
wall material is to be computed.

For the case of a fully-developed turbulent channel
flow with both walls heated, the symmetry condition is
applied at the centerline y/H =1
of
—(0,y=H,t)=0. 29
ay( vy =H.,1) (29)

The thermal boundary conditions formulated in
terms of stochastic particles are stated as follows. First,
at the centerline (CL) of the channel heated equally at
both walls the symmetry condition takes the form:

Tin - Tout . (30)

For both isothermal and isoflux cases, the constraints
for the statistics (or their gradients) at the boundary
readily follow from the pairwise averaging where only
an outgoing particle and its incoming “peer’”’ are con-
sidered. The b.c. (30) imposes the zero mean gradient at
the boundary; moreover, zero gradient of the variance
results there:

o) L
on cL ’

yet, both (7)o, #0 and (0%) #0 are results of the
simulation and cannot be imposed beforehand.

o, AP

cL on

Since molecular transport effects are modelled by the
random walk of particles in physical space, some par-
ticles cross the boundary, say y, = 0. Then, they are
reflected from it, with yi, = |yout|.- The boundary condi-
tion imposed at the isothermal wall of temperature T,
for particles that are reflected from the wall, either truly
or in the sense of reflected Brownian walk (Wactawczyk
et al., 2004), writes

T = Ty (31)
The boundary condition imposed at the isoflux wall is
I = 2Tw - Toul;

this type of boundary condition imposes a constant
mean value 7,, at the boundary; zero gradient of the
variance results at the wall:

o(0%)
on
We note that in Eulerian RANS there is a need to im-
pose the level of the temperature variance at the wall.
For example, in the R;;—e—kj—€p model of Sommer et al.
(1994) the value of (%), is externally provided; for the
purpose, those authors use the boundary condition from
an analytical formula (Polyakov, 1974). On the other
hand, in the PDF approach there is no such problem,

since for the isoflux case the wall level of temperature
fluctuations makes part of the solution.

(T),, = T, =0.

w

3.5. Monte Carlo solution method

The PDF Eq. (18), supplemented with the formulae
for oy = v¢/Pry and 74, (cf. Section 3.3) and suitable
boundary conditions (detailed in Section 3.4), can
basically be solved with the finite-difference method.
Yet, we find it more practical to solve the PDF transport
equation using the stochastic particle method. Here,
vi/v=C,(v??)k* /" and 1 = (2/Cy)k* /€' are given
functions of y*. In our computations, both functions
serve as input data. We have reconstructed the two
profiles from the DNS data of Moser et al. (1999) at
Re, = 180 and 395; resulting plots of k* /et and v, /v can
be found in the paper of Pozorski et al. (2003b). The
system of stochastic differential equations equivalent to
the Fokker—Planck Eq. (18) is:

dx, = <u>dt+2;‘;f dr + /200 + o) dW,, (32)
1 1

In practice, the system is rather solved in the non-
dimensional setting, after suitable scales (J,,u., and 6,)
are introduced.

In the PDF formulation for the scalar variable, as
opposed to the joint PDF model for position and
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velocity, no flow dynamics is solved; so there is no a
priori guarantee that the distribution of stochastic
particles will remain uniform in physical space. For the
incompressible case considered in the paper, this
automatically guarantees the constant fluid density.
This problem has been addressed by Pozorski et al.
(2003b); it can be proved theoretically that initially
uniformly distributed particles will remain so in time;
moreover, numerical tests with a finite number of
particles per computational cell are in line with the
predictions.

We recall the near-wall Taylor series expansion of
turbulent quantities: k = (¢(y*), e = O(1), and for the
isothermal wall 8 = O(y). Accounting for Eq. (16), it is
readily seen that the expression 0/7, in the scalar mixing
models behaves as y~! in the limit of y — 0. Conse-
quently, the simplest first-order explicit (Euler) scheme
for the SDEs can not be applied in case of down to the
wall integration. Instead, the exponential scheme is
introduced. It is based on the analytical solution over a
time step of the scalar evolution equation with coeffi-
cients frozen at their values at the beginning of the time
step. Moreover, another difficulty is due to a large span
of the relevant time scales (more than two orders of
magnitude). This results in a large number of time steps
necessary to achieve convergence of computation in the
whole domain.

4. Near-wall joint velocity—scalar PDF approach

Another approach considered here is the joint
velocity—scalar PDF formulation (with stochastic dif-
ferential equations solved for particle location, velocity,
and temperature). For the purpose, a recent near-wall
velocity PDF model of the authors (Wactawczyk et al.,
2004) is extended to account for temperature. In the
resulting near-wall PDF model with the explicit solution
of the flow in the viscous sublayer there is no recourse to
the gradient transport hypothesis. Moreover, such an
approach makes it possible to retrieve the turbulent heat
flux vector and other joint velocity—scalar statistics.
Complete models with down-to-the-wall integration are
much more computationally expensive, but otherwise
they prove to be physically sound in regions of adverse
pressure gradients, separation, or recirculation. Here, we
apply the one-point near-wall PDF model for position,
velocity and the turbulent frequency w (the inverse of
the time scale, () = €/k). Stochastic particles (notional
fluid elements) move in physical space by advection and
the Brownian motion, their velocity changes according
to the Langevin model (determined by a drift matrix Gj;
and a diffusion term D) with near-wall extensions
(embodied in the matrix 4;;)

dX; = U;dt + V2vdw, (34)

av =~ 4t - (G + 4, (U, - ()
_%i(tji—m))dH\/BdW,—; (35)

above, P is the kinematic pressure, d/; is an increment
of the Wiener process. The matrix G;; is determined non-
locally with the elliptic relaxation idea (Durbin, 1993).
Further details and rationale of the present near-wall
modelling are given in the paper of Wactawczyk et al.
(2004). Moreover, the mean continuity equation and the
constraint of constant fluid density are satisfied by the
solution of two additional pressure correction equations
of the elliptic type, as described by Minier and Pozorski
(1999).

To deal with the heat transfer case, the near-wall
model (Egs. (34) and (35)), needs to be supplemented by
a scalar evolution equation. In the PDF modelling with
wall function approach (Pozorski et al., 2003a), we used
the IEM closure (15). The question now is whether this
model can also be used in the near-wall modelling
(possibly with some modifications). From the stochastic
system (34), (35), and (15), transport equations for the
mean temperature (7), the fluctuating temperature
variance (0%) and the turbulent heat flux (u;0) can be
derived using standard methods. These equations are
not shown here; yet, as a consequence of the random
walk term with the transport coefficient v in (34),
inconsistencies will appear in the resulting transport
equations for the statistical moments unless Pr=
v/ao = 1. The problem of differing molecular transport
coefficients for momentum and energy could have been
overcome, if two separate sets of “velocity particles”
and “temperature particles” had been used. Yet, the
advantage of the joint U-T formulation would have
been lost, since no joint velocity—temperature statistics
would have been available.

Generally speaking, in the near-wall modelling of
passive scalars, the molecular thermal diffusivity o
should appear explicitly in transport equations. This
causes difficulties in the Lagrangian setting, where
molecular effects are usually introduced via random
walk in stochastic particle positions. Mazumder and
Modest (1997) proposed a modified near-wall model for
temperature in the case of Pr = 1. Supplementary RHS
terms are introduced to yield the correct transport
equation for (7). However, it can be shown that the
molecular diffusion terms in resulting mean equations
for (0*) and (1;0) remain incorrect.

Here, our aim is to improve the existing proposal to
account correctly for the terms with o in both (7) and
(6%) equations for the general case Pr # 1. The term with
the Brownian motion in Eq. (34) already contains the
kinematic viscosity v that further enters the corre-
sponding Eulerian equations for the mean temperature
(T) and temperature variance (6*), unless we add cor-
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recting terms to the mixing model. After such a cor-
rection, the Laplacians in (7) and (6?) equations are
multiplied by o. A new formula for temperature incre-
ment is proposed as the simple IEM mixing model with
a near-wall modification:

AT = — (7 = (TY)dt — A(T — (T))dt + B(T — (T)) dt
Ty
+ (=) 6ax k<aTx>k dr, (36)
where
:Lam@ g 2(6%) (37)

<02> axk 6xk ’ 2<02> axkf)xk'

The coeflicient A counteracts the destruction term con-
nected with the mean temperature while coefficient B
corrects the Laplacian term which would appear in the
resulting equation for the temperature variance. The last
RHS term of Eq. (36) corrects the Laplacian in the mean
temperature balance. However, the correcting terms
involve second order derivatives of the mean fields; this
impairs the accuracy of computations due to unavoid-
able statistical errors.

Again, integration of the PDF transport equation
equivalent to Eqgs. (34)—(36) yields evolution of the sta-
tistical moments. The mean temperature balance is
correct and identical with Eq. (2). Resulting equation
for the temperature variance

0(0%) o0y O w0 oT)
ot +{Un ox;, a@xk Oxy, B ox; ~ 2{uf) G_x,
— Cy(w)(0?), (38)

corresponds to an Eulerian model of passive scalar
transport, cf. also exact Eq. (7). Apart from the mod-
elled destruction of temperature fluctuations, all terms
are exact. The transport equation for turbulent fluxes

writes:
O(u;0) O(u;0)  O(uu0) o{U;)
ot + <Uk> Oxy, B @xk <uk0> 6xk

0 (u;0)

axk axk

+ <u,-uk> a@f,?) +v

— G,-k<1/lk9> —% (k + C¢<w>> <1/l,0>
a(uy )

2
T ka axk

— Aik <uk9> — A<u,9>

(39)

This equation contains the Laplacian of (1;0) multiplied
by the kinematic viscosity v instead of the factor
(v+a)/2 appearing in the exact turbulent heat flux
balance (cf. Durbin, 1993). Besides, the last line of Eq.
(39) contains three additional spurious terms that in
general case do not sum up to 0. For this reason, the

present modelling of molecular transport effects for
Pr # 1 is regarded as being provisory.

The question arises whether the near-wall effects
influence also turbulent heat fluxes and whether these
effects can be modelled by elliptic relaxation method, by
analogy to the procedure developed for turbulent
stresses. It was checked by Durbin (1993) that compu-
tations with the elliptic model for redistribution term
vary little from a simple local model. In our computa-
tions, however, Gy is already modified by elliptic
relaxation. As we expect, it should not influence the
solution considerably.

5. Computation results for turbulent flow in heated
channel

The PDF computation results are validated for the
fully-developed channel flow with constant heat flux.
For this case, usually 10° particles were used, and about
400 auxiliary cells (for the computation of statistics) in
the wall-normal direction. Typically, 10* time steps were

<T'>
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rms
N

(b) y

Fig. 1. Heated turbulent channel flow at Re, = 180 with the isothermal
wall boundary condition: (a) the mean temperature profile; (b) the
temperature variance. DNS data of Tiselj et al. (2001) at Pr =1 (@)
and Pr = 5.4 (M). Scalar PDF results: lines.
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necessary to achieve convergence. This corresponds to
about 10° CPU seconds (on a Pentium III PC) for the
scalar PDF variant and one order of magnitude more
for the joint velocity—scalar computations. Indepen-
dence of results with respect to the number of particles,
the size of auxiliary mesh, and the time step has been
checked. Final results have been gathered as a time
average over, typically, last 1000 simulation time steps,
once convergent solution has been obtained.

5.1. Results of scalar PDF approach

As a particular case of study for the scalar PDF
variant, we have chosen the DNS computations re-
ported by Kawamura et al. (1998) and Tiselj et al. (2001)
at Re; = 180. The computational results compared with
those coming from the DNS study serve to assess the
adequacy of modelling. In particular, they provide an a
posteriori justification for the gradient hypothesis and
the mixing model applied. The Prandtl number is a
material constant, taken here as Pr = 1 and 5.4. For the
sake of completeness, let us note that Lu and Hetsroni

8t [ " 4
6t ' ]
//A\\ [ ]
// \\
N E 4l ————— - AN 1
D o ® o\ ]
> ° e o o° \.\ .
2+ N
/__’/\:\:
0 . . .
107 10° 10’ 10?
(b) y

Fig. 2. Heated turbulent channel flow at Re, = 180 with the isoflux
wall boundary condition: (a) the mean temperature profile; (b) the
temperature variance. DNS data of Tiselj et al. (2001) at Pr =1 (@)
and Pr = 5.4 (M). Scalar PDF results: lines.

(1995) report DNS results for the isoflux heated channel
at the same Re, and Pr = 0.72.

In the scalar PDF model, we have computed the
temperature field using the input velocity statistics from
the DNS data of Moser et al. (1999). In particular, the v,
profile given by (6) and the mixing time scale 7, de-
scribed by (16) have been used. For the isothermal wall
condition, a constant profile of Py = 1 has been taken.
For the isoflux wall, a kind of “damping function”, Eq.
(22), has been assumed.

Temporal evolution of the first- and second-order
moments, averaged over the channel height, provides a
convergence criterion. It was satisfied after about 8000
16 000 iterations due to a considerable disparity of time
scales in the core of the flow and in the near-wall region,
respectively.

Predicted temperature statistics resulting from the
PDF computation for the isothermal wall are shown in
Fig. 1. Results for the isoflux wall boundary condition
are shown in Fig. 2. For both cases, the sensitivity to the
Prandtl number is examined; temperature statistics are
in a fair agreement with the DNS. As readily noticed

2 . .
10° 10" 10?

(b) y

Fig. 3. Heated turbulent channel flow at Re; = 180, the temperature
skewness: (a) the isothermal case; (b) the isoflux case. DNS data of
Tiselj et al. (2001) at Pr =1 (@) and Pr = 5.4 (M). Scalar PDF results:
lines.
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from comparison of plots in Fig. 1(a) and plots in Fig.
2(a), the type of the temperature boundary condition
(isothermal vs. isoflux wall) does not visibly influence
the profiles of the mean temperature. As documented in
the literature (Sommer et al., 1994; Kong et al., 2000;
Tiselj et al., 2001), the thermal boundary conditions do
have an impact on the level of near-wall temperature
fluctuations. This is also seen in the present PDF com-
putation results. Yet, as noticed in Fig. 2(b), the tem-
perature fluctuations in the isoflux case are overdamped
in the viscous flow region, specially for higher Pr. At the
moment we have no explanation for this discrepancy. A
reason might be the inadequacy of the mixing model
constant Cy: as documented in the DNS, the ratio of
dynamical to thermal time scales varies substantially as
a function of y* and Pr. Higher-order moments of the
temperature distribution, such as the skewness and
flatness, as well as the one-point PDFs (not shown) are
also available; this is an a priori advantage of the PDF
method over RANS. The temperature skewness is re-
ported in Fig. 3 for both isothermal and isoflux cases
and is again in a good agreement with the DNS.

20""I N | N |
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Fig. 4. Heated turbulent channel flow at Re, = 395 and Pr = 0.7: (a)
the mean temperature profile; (b) the fluctuating temperature r.m.s.
Symbols: DNS data of Kawamura et al. (1999); lines: joint velocity—
scalar PDF computation (solid line: isothermal wall, dashed line: iso-
flux wall).

5.2. Results of joint velocity—scalar PDF approach

The joint PDF computation results are also validated
for the heated channel flow. As a case of study, we have
taken the DNS of Kawamura et al. (1999) with
Pr =0.71, performed at Re, = 395 (arguably the highest
Re; available to date). The joint velocity-scalar PDF
algorithm and program of the authors have been further
developed for the present computation with the down-
to-the-wall integration including elliptic relaxation
(Wactawczyk et al., 2004). With this approach, the
accuracy of the simpler scalar PDF method can be
validated and additional statistics (such as the turbulent
heat flux) can be obtained.

Results at Re, = 395 for the mean temperature profile
and the r.m.s. of temperature fluctuations <02>1/ ? for the
isothermal and isoflux wall b.c. are shown in Fig. 4. The
mean temperature profile is identical for both cases; it is
very well predicted in the near-wall region, less so is the
temperature fluctuation level. It is too large for the
isothermal wall and probably also for the isoflux wall;
according to Tiselj et al. (2001), the temperature r.m.s.
at the wall depends weakly on Re (they report 0, = 2.0
at Re; = 170). Moreover, the mean temperature is

o <VO>/Q

<u6>/Q
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ol \ ///.
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Fig. 5. Heated turbulent channel flow at Re, = 395: (a) the heat flux
components; (b) temperature-velocity correlation coefficients. Joint
velocity—scalar PDF results: lines; DNS data of Kawamura et al.
(1999): symbols. Streamwise components ({uf),R,): solid line and
(M); wall-normal components ((v0), R,9): dashed line and (@®).
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slightly underpredicted in the core region of the channel;
this might be due to the IEM scalar mixing model used
(cf. Pozorski et al., 2003a). The computed turbulent heat
flux components (u6), (v0) are shown in Fig. 5(a). The
wall-normal component agrees quite well with the DNS;
so does the streamwise component that is now much
better predicted than by the joint PDF method in the
wall-function approach (Pozorski et al., 2003a). The
temperature—velocity correlation coefficients R,g, R, are
also available from the PDF computation. As seen in
Fig. 5(b), the limit value of R,y = 0 at the channel cen-
terline is predicted correctly. The overall agreement of
the profiles is reasonable, except close to the wall where
it is flawed with numerical inaccuracies due to the 0/0
type limit behaviour (normally, we expect R,9 = 1 at the
wall).

6. Conclusion

New modelling proposals have been advanced in the
paper in the context of the PDF method for turbulent
flows with the temperature field. First, a stochastic
model for temperature (with dynamic variables assumed
known) has been extended to account for the molecular
thermal diffusivity that affects the temperature statistics
in the near-wall region. Scalar PDF computation results
demonstrate a fair agreement with the available DNS
data for a turbulent channel flow with heated walls. The
fluctuations are also sensitive to the molecular Prandtl
number. In this first variant, the velocity PDF is not
solved for, hence no joint statistics (such as the turbulent
heat flux) are available. Both isothermal and isoflux
boundary conditions have been considered.

Concerning the second variant, i.e. the joint velocity—
scalar PDF method, the molecular transport effects in
the near-wall region are explicitly accounted for and the
resulting equations for the mean temperature and the
thermal fluctuation variance are correct also for
the Prandtl number different from unity; yet, some
spurious terms exist in the modelled turbulent heat flux
equations. The difficulties with a sound modelling of
Pr =1 originate in the Brownian motion (34) added to
the convection of fluid elements; further work on this
topic is warranted. The computation results for the he-
ated channel flow are found to agree favourably with the
DNS reference data.

Obviously, one-point statistical closures, including
RANS models (such as k—e—ky—€p) and the PDF ap-
proach presented here, can yield the profile of (6%), but
are otherwise unable to provide the temperature spec-
trum. Some structural turbulence models have to be
developed instead, e.g., along the lines of the unsteady
2D model with streamwise streaky structures (Kasagi
et al., 1989) or the scalar filtered density function (FDF)

model combined with the dynamics of the large-eddy
velocity modes (such as POD) in the near-wall region
(Wactawczyk and Pozorski, 2004). Moreover, the iso-
thermal and isoflux wall boundary conditions considered
here represent two limit cases of a more general conju-
gate heat transfer where the level of near-wall thermal
fluctuations is influenced directly by the wall material
characteristics. Work along these lines are in progress.
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